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ABSTRACT 

We define a discretized Langevin equation in Stratonovich-iype calculus. We 
show that a generating functional with a field-dependent kernel can be written 
in mid-point prescription only when we calculate in the calculus. Moreover we 
investigate whether supersymmetry of the stochastic action with field-dependent 
kernel exists or not. 
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1. Introduction 



The stochastic quantization method (SQM) was first proposed by Parisi and 
Wu as an alternative quantization method in 1981.' lM SQM can be applied to gauge 
theories without the gauge fixing procedure, i.e. without Faddeev-Popov ghost 
fields. Instead of introducing ghost field, the method produces the same contri- 
bution as the path- integral quantization method (PIQM). This fact was already 
confirmed perturbatively for Yang-Mills fields and for non-Abelian anti-symmetric 
tensor fields.' 41 

SQM has a powerful tool, " kernel", which, among others, gives new regulariza- 
tion schemes.' 51 Kernel is also introduced for systems including massless fermion.' 61 Moreover 
"field-dependent" kernel is introduced for systems including graviton, systems with 
spontaneously broken symmetry,' 81 and bottomless systems.' 91 On the other hand, it is 
well known that theories quantized stochastically display 
supersymmetry.' 101 ' nl So my question is whether SQM with field- dependent kernel 
has supersymmetry or not. In this paper we show that SQM with field-dependent 
kernel has supersymmetry as well as the one without kernel. While Ref. [12] showed 
that stochastic action with field-dependent kernel was invariant by operation with 

L) 

the supersymmetry generator Q, it did not show that the action was invariant by 

[13] 

operation with Q and could be described in superfield formalism. Besides, bound- 
ary condition' 111 of generating functionals function was not discussed in Ref. [12]. 

When we construct the stochastic action, Ito' 141 or Stratonovich [1j1 calculus can 
be used. Leibnitz rule, which is indispensable to supersymmetry, can be used 
in the Stratonovich calculus, but cannot be used in Ito calculus in continuum 
limit. Therefore, we define a discretized Langevin equation in Stratonovich- type 
calculus, and we construct the stochastic action where Leibnitz rule can be used. 
In this paper, we show that only in the calculus the stochastic action in mid-point 
prescription can be constructed. 



D The definition of Q, Q are given in this paper 



2. Boundary condition of generating functional 



First, we take up a system with variables q(x) and the classical action S(q) 
in n-dimensional space-time. To quantize the system stochastically, we consider 
the fictitious time interval [— T, T] and divide the interval to 2N segments with 
space T/N. We shall let T tend to infinity later. Besides, we define the discretized 
Langevin equation with the field-dependent kernel Kfa) 



dqi(x) = q i+1 -qi = -Kfa)-^ + rJ^zt + RidW i: 
= 1, 2, • • • , TV, —T — t-N < t_ N+1 <---<t N = T, 
qi(x) = q(x, U), q { = + Qi), Ri = R{li) 

K{qd = R 2 (qi), dW t (x) = W(x,t i+1 ) - W{x,U), 



(1) 



where dt = T/N and we assume the kernel K(qi) is positive-definite. W(x,U) is a 
Wiener process defined by the following correlation 

((W(x,ti)-W(x,t k ))(W(y,tj) - Wfatt))) = 2(tj-t k )5 n (x-y), 

i > j > k > I, 

N (2) 
(•••)= J D{dWi){---)ex P [--Jd n x (-^) 2 *1- 

i=—N 

The expression of eq.(l) is different from the ordinary one in Stratonovich calcu- 

[17] [18] 

lus or the one in Stratonovich-related calculus, but we want to regard it as the 
expression in Stratonovich- type calculus. The advantage of the calculus is shown 
later. 

Now we are able to show that Leibnitz rule can be used in the Stratonovich- 
type calculus in the continuum limit dt — > as follows. We shall calculate the 
expectation value 

$<ii(y) SqAy) 5qi{y) Sqdyr 
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where f(qj) is some function of In second equality we use the fact that 
( qi dWi) = 0, (q i+1 dWi) = (2R(q i )dt) + 0(dt 2 ). The final expression in eq.(3) is 
equivalent to the value 



'^-™S + ^»* + ™3$»- (4) 



up to dt because q i = qi + \dq%. The expression coincides with 
(df(qi)) = (f(qi+i) — f(qi)) in Ito calculus because the Langevin equation in Ito 
calculus is 

d Qi = -K( gi ) 6 -^-dt + 2R(q t ) 6 -^-dt + R{ qi )dWi. (5) 
bqi bqi 

Eqs.(3) and (4) mean 



(df( qi )) = I dn y( 5 ^ d( ii(y)) + °( dt2 )- ( 6 ) 



Therefore, Leibnitz rule can be used in continuum limit of the Stratonovich-type 
calculus. 

Next, let us introduce the generating functional 



N 



Z[J\ = I D(dWi) exp -J d n xJ2 {-^? + Ji{x)qY {x)}dt\, 



i=-N 



D qi det(Mij) 



N 



xexp 



I<Tx ^ \\{^ + K^-R%R T ^ + Ux)qY{x)]dt 



Mi 



i=-N 

SjdWj) 

Sqj+i ' 



4 dt 5qt 5q 



(7) 

where qY is a solution of eq.(l). Another expression of the generating functional 



-A- 



IS 

-A+J d n xdtj(x,t)q(x,t) 



Z[J] = J (DqDpDCDC) e 



A = / d n x / dt{pK(q)p - tp(q + K— - R-) (8) 

in continuum limit. Here the auxiliary field p and Grassmannian variables C, C 
are introduced. In order to assert that Z = Z, we need to prove 

Ymvdet(Mij) = If ermi , (9) 

where 

Ifermi = J DpDCDC e~ A f , 
A f = Jd n x ^[{(p-'-iq + K^-R^K-^R} 2 (10) 

In order to calculate det(Mij) and If erm i, we take the twisted boundary condi- 

in] 

tion 



q(-T) = e~ il/ q(T), C(-T) = e-' LU C{T), e' i,y C(-T) = C(T), e~ iv 'p(-T) = p(T) . 

(11) 

The boundary condition for v = corresponds to the periodic one 

q(-T) = q(T), C(-T)=C(T), C(-T) =C(T), p(-T)=p(T), (12) 
or for v = —ioo the causal and anti-causal one 

q(-T)=0, C(-T)=0, C(T)=0, p(T) = 0, (13) 
In this paper, we choose v as Re{y) = because q is a real variable. We can 



calculate det(Mij) as 



det(M, t 



N i 

= n Ri 1 

i=-N 

1 + G_ N dt 
■1 + G—N+\dt 



e- iv (-l + G_ N dt)\ 



1 + 



■N+l 



dt 



V 



-l + G N dt l + G N dt j 



Gidt = -Ri—^(q i+ i - qi ) + -Rij-iRi^ 11 - -r^)dt. 



2 5q { 



5q { 5q { 



(14) 

The Str atonovich- type calculus has the advantage that the det(Mij) is expressed 
in the mid-point prescreption, i.e., 



a ttn/r \ £ ( qi+1 + qi \ 
det{Mij)= n g{ ,qi+i-qi), 

i=-N I 



(15) 



where g is some function. In ordinary Stratonovich calculus, det(Mij) cannot be 
expressed in the prescreption in case that kernel is field-dependent. By straight- 
forwad calculation, the determinant is 



lira det(Mii) = U R-\t) { e I-rdtd"x G(t) _ £ - f^dtd^x G(t)-iuy 

dt^O t=-T 

i T 1 

= UR~ (t) sinh{ / dtd n x G(t) + -iu} x Constant. 

t -T 2 



(16) 



Next Ifermi can De a l so calculated as 



1 T 

Ifermi = sinh[{-M/ + / tPxdt G(t)}}. 
1 -T 



(17) 



by following ref.[16]. From eqs.(16) and (17), we have proved that Z is equivalent 
to Z when the boundary condition (11) is taken. 
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3. SUPERSYMMETRY AND FIELD-DEPENDENT KERNEL 

From now on, we introduce the field-dependent kernel again. The expression of 
A in (8) is rather complicated and it is difficult to recognize whether the stochastic 
action with field-dependent kernel has supersymmetry or not. In fact, A is not 
invariant under the supersymmetric transformations under which the stochastic 
action without kernel is invariant. 

Here, we consider the change of variables 

q' = J dqR-\q), p' = R(q)p, C' = CR(q), C = Rr\q)C. (18) 
This leads to 

Z[J] = J Dp'Dq'DC'DC'e- A ' + ]' dnxdtJ( - x > t ^ 

(19) 

where we assume that the first relation in eq.(18) can be solved for q in terms of 
q' . The periodic boundary condition (12) can be also expressed in terms of new 
variables as 

q'(-T)=q>(T), C'(—T) — C'(T), c'(—T) — C'(T), p' \-T) = p> \T) , (20) 

i.e., periodic boundary condition. For v = —ioo, the boundary condition (13) can 
be also expressed as 

q'(-T) = 0, C'(-T) = 0, C'{T) = 0, p'(T) = (21) 

i.e., causal and anti-causal boundary condition, where we choose the integral con- 
stant as J R^dq^Q = 0. 
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The stochastic action A' with the boundary condition (20) is invariant under 
the super-transformations 



5q' = eC, 8C' = -Up', SC = 0, 5p' = 0, (22) 

and 



5q' = de, 8C' = 0, 5C = -iep' - eg', 5p' = iC e. (23) 



On the other hand, A' with (21) is not invariant under the transformation (23) as 
well as the case of no kernel.' 111 

In terms of original variables q, C, C and p, the transformation (22) is expressed 



as 

_ no f)n~^ fin 

5q = eC, 5C = eC—R- 1 C -iep, 5C = -R^—eC, 5p = -R^—eCp, 
oq aq aq 

(24) 

and the transformation (23) is 

6q = CK(q)e, 5C = 0, 

5C = -zeK(q)p - eg + Ce^^R(q)C, ^ 

5p = ite + iC^R^qe - Ce^R(q)p. 
aq aq 

Finally, we express the stochastic action in terms of the superfield $' as 
A' = -Jd n xd 2 9 f dt{D e &Dtf$>' + L(q(&)) - 5 n (0) lni?(g($ / ))}, 



— T 



D-, = c\-ed t , D e = d e , $' = q + 6C' + C 'o - iQQp ', 



(26) 

where 6, 6 are Grassmannian variables. As discussed above, the expression is in- 
variant under operation with Q(= dg) and Q(= dg + 6dt) for v = and invariant 
under the operation with only Q for v = —ioo 
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4. Summary 

We defined the discretized Langevin equation (1) with field-dependent kernel 
in Stratonovich-type calculus in which Leibnitz rule can be used and constructed 
the generating functional. When the field-dependent kernel is introduced, only 
the generating functional constructed in the Stratonovich-iype calculus can be 
expressed in the prescription. Besides, we showed that the generating functional 
(7) constructed from Wiener process distribution is equivalent to the continuous 
one (8) when we take the twisted boundary condition (11). 

Moreover, we showed that the stochastic action with the periodic boundary 
condition (12) is invariant under the super-transformations (22) and (23) when 
field-dependent kernel is introduced. The stochastic action with the causal and 
anti-causal boundary condition (13) is not invariant under the super-transformation 
(23) as well as the one without kernel. We also show that the stochastic action can 
be also described in terms of superfield. 
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